Based on the assumption that the elastic strain of electrostrictive materials is a higher-order small quantity, this paper studies the 3D problem of an infinite electrostrictive solid with a flat elliptical crack which is electrically permeable. According to existing solutions of similar problems in pure elastic materials, with the displacement function method, we first derived explicit expression for displacement potential function and obtained stress field near the crack and open displacement of crack surface. Then, the general solution for the stress intensity factor was derived, and the corresponding solutions were also presented for a penny-shaped crack and a permeable line-crack as two special cases of the present problem. Finally, numerical results were given to discuss the effect of environment at infinity and electric field inside the crack on the stress-intensity factors.
Introduction
Due to high sensitivity and quick response of piezoelectric materials and electrostrictive materials, these smart materials have been increasingly used in some important fields of engineering as switches and transducers. Micro-cracks and inclusions in these materials are the major cause of mechanical failure, so fracture analysis of piezoelectric and electrostrictive materials is of practical significance and attracts considerable attention. Stress concentrations caused by mechanical or electric loads often lead to crack initiation and extension, and sometimes fracture the components. To improve the performance and to predict the reliable service life of these smarts components, it is necessary to understand and analyze damage and fracture processes taking place in smart materials.
The 3D stress field caused by an ellipsoidal inclusion, or particularly a penny-shaped crack in an infinite piezoelectric body is of great interest in the fracture of piezoelectric materials. Actually, three-dimensional crack problems of piezoelectric materials have attracted considerable attention in recent 20 years. With the aid of the three-dimensional eigenfunction expansion method, Sosa and Pak (1990) have investigated the case in which the crack front is assumed to be straight and it is located along the transversely isotropic axis of symmetry, and they have discussed the influence of electric fields to the stress field near the crack tip. Wang (1994) has obtained the general solutions of governing equations to threedimensional axisymmetric problems in transversely isotropic piezoelectric media and solved the problem of penny shaped cracks under tensile loads. Moreover, Wang and Zheng (1995) and Wang and Huang (1995) have also obtained the general solution of governing equations to three-dimensional problems in a transversely isotropic piezoelectric medium and the general solutions expressed by the potential functions for quite arbitrary three-dimensional problems in a transversely isotropic piezoelectric medium, respectively. Wang (1992a) used the Green's function method to show that stresses and electric induction fields are uniform inside a piezoelectric inclusion in an infinite piezoelectric matrix if spatially uniform remote loads are applied in the far field. Wang (1992b) also studied three-dimensional problems of a piezoelectric material which contains a flat elliptical crack. Using the Fourier transform method, He (Wang, 1992b) derived the expressions for the crack opening displacement, interaction energy and the stress intensity factors, respectively. Kogan and Hui (1996) obtained the exact closed-form solutions for the stress and induction field of a spheroidal piezoelectric inclusion in an infinite piezoelectric matrix subjected to spatially uniform mechanical and electrical loadings far away from the inclusion. Then, closed-form solutions are also obtained for the limiting case of a penny-shape crack as a special case. Zhao et al. (1997a,b) obtained the fundamental solutions for a unit concentrated electric potential discontinuity and a unit concentrated displacement discontinuity in a three-dimensional piezoelectric medium by Hankel transform. And then, He derived the stress intensity factors for a circular crack in a piezoelectric solid, and obtained the results for the penny-shaped crack as an example. Pan (2000) derived three-dimensional Green's functions of point forces and point charge in anisotropic bimaterials based on the Stroh formalism. By considering the distinct eigenvalues, Ding et al. (2005) presented the Green's functions for a two-phase infinite magneto-electro-elastic plane (space) and half-plane (space) with free or fixed straight boundary (plane surface) by the trial-and-error method. Zhao et al. (2007) proposed the hyper-singular boundary integral equation method of crack analysis in three-dimensional transversely isotropic magnetoelectroelastic media. More recently, Zhao et al. (2013) derived analytical solutions for a penny-shaped crack in 3D magnetoelectroelastic media based on the nonlinear models and using the extended displacement discontinuity method.
The theory of electrostriction was developed by many scientists. Stratton (1941) and Landau and Lifshitz (1960) obtained the electrostrictive stress induced by electric field in electrostrictive media. The two dimensional linearized electroelastic analysis in eletrostrictive materials was first discussed by Knops (1963) . Smith and Warren (1966, 1968) derived the stress solutions in an electrostrictive plate with an elliptical hole or a rigid disk. McMeeking (1987 McMeeking ( , 1989 ) discussed more detail and gave an asymptotic expansion of stress r 22 with singularity r À1/2 near the end of a narrow elliptical defect. Kuang (2002) also discussed the electrostictive force induced by electric field. Ru et al. (1998) investigated the electric field induced interfacial cracking in multilayer electrostrictive actuators by using the small-scale saturation model. Beom et al. (2006) analyzed the 2D problems of an impermeable crack in an electrostrictive ceramic. Recently Kuang (2004, 2007a,b) gave an extended version of the formulation of Knops (1963) and Simith and Warren (1966, 1968) by considering the Maxwell stresses produced by the applied electric field, and then studied 2D problems in an electrostrictive material containing an elliptic rigid conductor, a crack and an elliptic in homogeneity, respectively. And they also studied the stresses in a cracked infinite electrostrictive plate with locally saturated electric fields. More recently, Gao et al. (2010a) discussed the effects of the Maxwell stresses on crack propagation in electrostrictive solids by using an elliptical cavity model, and then extended their work to the case of collinear cracks (Gao et al. 2010b) .
However, the electrostrictive elements in practical applications often possess distinct geometric shapes and under complicated load and constrained conditions. In many cases, they may be more complicated than the cracks simulated as two-dimensional defects. So it is significant, both theoretically and practically, to develop effective methods for three-dimensional problems in electristrictive materials and analyze the behaviors of three-dimensional cracks under mechanical-electric loadings. To the author's knowledge, no work has been done on the three-dimensional problems of electrostrictive solid.
In this paper, we studied the three-dimensional problems of a flat-elliptical and electrically-permeable crack in an electrostrictive solid based on the assumption that the elastic strain of the solid is a higher-order small quantity. The organization of the paper is as follows: In Section 2 we outline the basic equations. In Section 3, we derived the general solutions for the static electric field inside and outside the flat elliptical crack. Then, the stress-intensity factor is obtained based on total stress near the crack border. As special cases for the present problem, the stress-intensity factors for a penny-shaped crack and a permeable line-crack are discussed in detail. Numerical results are then presented in Section 4 for the distribution of stress-intensity factor around the crack border, in order to discuss the effects of environment both inside the crack and at infinity on fracture behaviors. Finally, Section 5 concludes the present work.
Basic equations
The basic equations given in this section can be found in the works of Knops (1963) and Smith and Warren (1966, 1968) , and have been revised by Kuang (2004, 2007a, b) . In the following, we only outline those equations to be used in the present work based on the works of Jiang and Kuang (2004) and Kuang (2008) .
Constitutive and geometrical equations
For the isothermal and isotropic case, neglecting the terms of piezoelectricity, the constitutive equations of electrostrictive materials are (Landau and Lifshitz, 1960; Jiang and Kuang, 2004) :
and the generalized geometrical equations are
where r ij , e ij , D i and E i are stress, strain, electric displacement and electric field intensity, respectively, a 1 and a 2 are two independent electrostrictive coefficients in isotropic materials. e is the permittivity at the undeformed state without any strain. d ij is Kronecker delta; G and k are Lame constants expressed in terms of Young's modulus E and Poisson ratio m by:
. u i and u are displacement components and electric potential function, respectively.
Equilibrium equations
Neglecting the external mechanical body force, the equilibrium equations of electro-elastic material are (Jiang and Kuang, 2007a) :
where f e k is body force induced by the electric fields, and q is free charge density in the body, the repeated indices represent their summation, and
where r M kl is the Maxwell stress. Substituting Eq. (5) into the equilibrium equation (3), we obtain:
wherer kl is called as the total stress, which is defined as
2.3. Displacement function method for 3D problem
As shown in nonlinear equation (2), the strain will cause the electric field, especially at the tip of a crack where strain could become singular. If, as it is usually assumed the strains are so small that all nonlinear terms of Eq. (2) can be neglected and thus the electric field may be decoupled from the strain/stress problem and obtained directly from the theory of electrostatics. Then, the stress field can be solved based on the known electric field, in a way similar to solving the problems of decoupled thermal stresses.
Hence, the equations for 3D problems of electrostatics can be reduced to:
Electroelastic stresses r ij :
where e ¼ @u @x
, and u, v and w are three displacement components, respectively. Substituting Eqs. (11) and (12) into Eq. (6b), we obtain:
Inserting Eq. (8) into Eq. (13) leads to:
Substituting Eq. (14) into equilibrium equation (6a) and taking
@z 2 , we have:
After u is determined according to given electric boundary conditions, all the fields of stresses can be obtained (Knops, 1963; Smith and Warren, 1966, 1968; Jiang and Kuang, 2004) , and here the final results are outlined. Thus, for a given problem, the solution procedure consists of two steps: the first is to solve the electrostatic boundary-value problem for the unknown potential function u, and the second is to solve the elastic boundary-value problem to determine the fields of stresses. In addition, it should be noted that when the electrostrictive solid is solely subjected to mechanical loads, u = 0 and, as a result, Eqs. (12)- (17) degenerate to those for isotropic materials. Since the solutions for 3D problems of isotropic elastic materials were well studied by Green and Sneddon (1950) , we only consider the case where the material is under electric loading in this work.
Solution for a flat elliptical crack
Consider a 3D electrostrictive solid containing a flat elliptical crack as shown in Fig. 1 . Assume that the crack is electrically permeable and filled with gas or liquid having a dielectric constant e c , and the solid is exposed to another gas having a dielectric constant e 1 . Additionally, the solid is subjected to electric load E 1 z at infinity. 
Static electric field inside the flat elliptical crack
Since the crack is electrically permeable, the electric continuous conditions on the interface require (Zhao et al., 2007) :
According to Zhao et al. (2007) , the applied electric field has no effect on the electric displacement before the plane crack deformed, so the electric displacement is uniform inside both the crack and infinite solid. Thus, the electric potential in the solid can be expressed as:
Then, based on Eq. (5) the Maxwell stresses on the crack surface and on the surface of the solid at infinity are calculated by:
3.2. Electro-elastic potential and stress intensity factor
As shown in Fig. 1 , on the crack surface, the electro-elastic boundary conditions are:
The displacement boundary condition outside the crack is:
The electro-elastic boundary condition on the electrostrictive solid at infinity is:
Inside the solid, we have E x = E y = 0 according to Eq. (19). Thus, Eq. (13) can be rewritten as:
where E z ¼ E 1 z , substituting Eqs. (25)- (30) into Eq. (6), the equilibrium equations (15)- (17) can be rewritten as:
Eqs. (31)- (33) are just the same as in purely isotropic elastic media, and there are many available general solutions for use. Here we introduce the method of generalized displacement functions and the details on the solution procedure are given in Appendix A. A suitable displacement representation satisfying the equilibrium equations (31)- (33) and the symmetry requirement (22) depends on the knowledge of a single potential function f(x, y, z) as follows (Green and Sneddon, 1950; Kassir and Sih, 1966) :
Thus, inserting Eqs. (34)- (36) into Eqs. (25)- (30), the expressions for the corresponding stresses are:
Using Eqs. (22) 2 -(23) and combining with (36) and (39) result in:
According to boundary condition (43), we can obtain the potential function f(x, y, z) and the normal component of stressr zz near the crack edge. In order to preserve continuity of the formulation, the mathematical details are outlined in Appendix A. Thus, the final result of the potential function f(x, y, z) and the stressr zz can be calculated as:
where
r is the radial distance measured from the crack edge and k is the angle in the parametric equations of an ellipse. It is seen from Eq. (45) that for a flat elliptical crack, the stresses have a traditional r À1/2 singularity at the border of the crack. Thus, the stress intensity factors can be defined by:
Inserting (45) into (48) leads to:
Substituting Eqs. (20) and (21) into (49), we have:
According to Eq. (50), the maximum of the stress-intensity factor is at the two ends of the short axis by taking
Similarly, the minimum of the stress-intensity factor is at the two ends of the long axis by taking u = 0 or p:
3.3. Explicit solutions for a permeable line-crack and a penny-shaped crack 3.3.1. Permeable line-crack When the flat elliptical crack becomes a permeable line-crack situated along the y-axis, obtained by taking the limiting a ? 1, as shown in Fig. 2 , we have E(k) = 1. And thus at the short axis of y = ±b, from Eq. (50) the stress-intensity factor can be written as:
When the crack is filled with the same gas or liquid as the surrounding space at infinity, e c = e 1 , so from Eq. (53), we can obtain: K I = 0, which is consistent with McMeeking's results (McMeeking, 1989) .
Penny-shaped crack
When the elliptical crack becomes penny-shaped crack obtained by taking a = b, the expression of stress-intensity factor can be rewritten, according to Eq. (50), as:
4. Numerical results of stress-intensity factor for the flat elliptical crack
In the following numerical examples, we take PMN-PT as a model material with dielectric constant of e m ¼ 6:64 Â 10 À8 F=m (Jiang and Kuang, 2007b) and assume a = 0.01 m.
The effect of crack size or different electric fields on stress-intensity factor
In this case, the crack is assumed to be filled with some gas or liquid with a dielectric constant: e c ¼ 10
À9 F=m, and the solid is exposed to air and subject to an electric field E 1 2 at infinity as shown in Fig. 1 . It can be seen from Fig. 3 that the maximum of the stressintensity factor is at the two ends of the short axis and the minimum of the stress-intensity factor is at the two ends of the long axis, and it is also shown clearly that the stress concentration becomes more significant as the crack becomes more slender along the y-axis. Shown in Fig. 4 is the change of stress-intensity factor under different electric load, and it is found that the stress-intensity factor increases as the applied electric field increases.
4.2. The effect of environment both inside the crack and outside the solid on stress-intensity factor Fig. 5 shows a crack under fixed applied electric load, is filled with some gas or liquid with a dielectric constant: e c ¼ 10 À9 F=m and the dielectric constant of the surrounding at infinity (e 1 ) is less than that inside the crack (e c ). Clearly, for a given electric load, the stress intensity factor K I increases as the dielectric constant at infinity increases. Finally, consider the case when the dielectric constant of the surrounding at infinity is greater than that of the gas inside the crack, that is, e 1 > e c , and under the same applied electric load, it can be seen from Fig. 6 that for a given electric load, K I also increases as the dielectric constant inside the crack increases.
Conclusions
Using the assumption that the elastic strain of electrostrictive materials is a higher-order small quantity, we analyze the 3D problem of an infinite electrostrictive solid with a flat-elliptical and electrically-permeable crack by means of the displacement potential function. The general solutions are obtained, in explicit and closed-forms, for the electric field inside the crack and electro-elastic potential in the solid which is subjected to a uniform remote electric field. Based on the stress near the rim of the flat elliptical crack, the stress-intensity factor is solved. In particular, we discussed penny-shaped crack and permeable line-crack as two special cases of major interest. In addition, numerical results are presented to discuss the effects of electric fields and dielectric constants of the surrounding on fracture of electrostrictive solids. It is found that: (1) in general, for a flat elliptical crack, the total stress may have a traditional r À1/2 type singularity at the crack border under pure electric loads, and the applied electric loads may enhance or retard crack propagation, dependent on the Maxwell stresses on the crack faces and at infinity; (2) when the interior of the permeable crack is filled with the same medium as that at infinity, the Maxwell stress on the crack faces is equal but opposite to that on the solid surface at infinity, and as a result the applied electric field has no effects on crack growth. the points outside the ellipse. Those points on the periphery of the ellipse are identified by setting n = g = 0.
Thus, from Eq. (A1), we have: 
